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A Note on Sibling Survival as an Estimator

of Adult Survival

SiBLING survival as an estimator of mortality has been studied by Hill and

Trussell (1977} and they find that the proportion of surviving siblings for
women of dge x and x + 5 needs be only trivially altered to yield an estimate
of life table I(x) value. This finding as arrived at through a regression analysis
of computed values of the proportions of surviving siblings by varying the
parameters of the fertility and mortality schedules. In this note, an attempt is
made to show analytically the relationship between the proportion of surviving
siblings and the life table I(x) values.

Model and Derivation

Starting point in this work is from Goodman, Keyfitz and Pullum (1974) who
show that in a stable population the expected number of older sisters to a ran-
dom girl aged a is

B rx )
S(a) =mj [oj; m(y) dy] ™™ I(x) m(x) dx, )

where @ and B are the lowest and highest ages of reproduction respectively,
m(x) dx is the chance that a woman of age x has a child in the next dx years,
I(x) is the probability that a new bora girl survives to age x, and r is the intrin-
nisc rafe of nitural increase. The expected number of younger sisters for a
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- random girl aged a is shown to be
Bra
S'(a) = 0{ [(I} {(x + yNIx)} mx + y) dy:l e~ (x) m(x} dx. (2)

Given the above, it is not difficult to write the sum of ages of older sisters
ever born, if they all survive, and it is

B rx |
0((1) = J [.[ (x -y + a) m(y) dy] Pl I(x) m(x) dx, (3)
o La
and similarly the sum of ages-of younger sisters evér born if they all $ui;'{ri§9 is
Bra P
¥(@) = | [(I) (@ =) I0x ) mie + DI dy ] e 1) m) s (&
o

Now changing the order of integration in (3) from « < x < Band o <y < x
toe < p < Pand y < x < B, and exchanging the variables x and y, we have

0a) = | [J @+ y = X)er0 1) miy) d_»]e—m me) dv. ()
a Lx : .
For a > B — a, we can write (4) éé’
o B -8 o '
Y@= [T a—y + DI ) dy| e mias. . ©

Applying the same procedure used to derive expression (5) from (3), we can
write daﬁ‘erently S(a), as Goldman (1978) shows. :

S(a) =1 [I eriv-o) I(y) m(y) dy]e;'” m(x) ds, M
and for @ > § — , expression (2) bgcqmes
Bre
5@ - [f-:(y)-,-moo &) e 9l ®

Therefore, the mean age of s1sters ever bom to a random g1r1 aged a if all her
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sisters had survived is

Ola) + Yl(a)

M(a) = S(a) 1- Sr_('af)-‘

which simplifies to

B
. [f (y—x) {e=rtv== —  1(3) nly) dy:l T mix ) dx
Ma) = a + wx—kﬁ%ﬁ S . (9).

! [J fer =1 1 1) 1) my) d)] " a(x) dx

n.__,.o

From (9) it can bé séen that when r = 0 M(a) equals a. That is for a stationary
population the mean age of the siblings of a random respondent equals the age
of the respondent, whose age is greater than 8 — o,

Let us now call the second term on the right hand side of (9) as the correc~
tion factor (CF) and rewrite it as

Brs
! [f (v —x){e™ — e ™} y) m(p) dy] m(x) dx
CF = ey : (10)
“f [f {e 4 &} i(y) m(y) a’y] m(x) d(x)

In order to obtain an approximate value of the CF, Jet us make the reasonable
assumption that I{(x} is constant within the reproductive age interval and, there-
fore, drop it from (10) and write CF as below.

R o, g

B
J (& —x) e — e} m(y) m(x) dy dx
CF = =% —

an
w™V + e ™ my) m(x) dy dx

e, TR

8
!

'The value of this is not affected by the assumption that J J m(y) m(x) dy dx

cquals umty Expandmg the exponenttals in the numerator in Taylor’s series
and omitting the second and higher powers of r, we have the numerator appro-
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ximated to
B B )
—r [ f(y ~ x)* m(y) m(x) dy dx,
x x )

which equals - 2re”, where s? is the variance of m(x). Now expanding the
exponential in Taylor’s series we can write the denominator as '

B R
1 + exp [ln {1 —r|J 4+ )my)mx)dvdx + .. ”
2 X .
Now expanding the logarithm and omitting the higher powers of r, we get
Bp
1+ expl}-rr I [+ x) m(y) m(x) dvdx ]
® X
Since the double integral equals 24, where w is the mean of m{x), the denomi-
nator of (11) is approximated by 1 + exp { — 2ru) and hence
CF = — 2rs?/{1 + exp (—2ru)}.
Therefore, we have the approximation
M(a) = a— 2re®/{1 -+ exp (— 2ru)}. (12)

The correction factor is negative for positive r, and zero for r = 0.

Hill and Trussell find a simple regression of the form 1(x) = 4 + B;S: to
fit extremiely well; where ¢S» is the proportion of surviving siblings for women
in the age group x and x + 5. They also observe that B is close to 1.0 and
A is small and hence conclude that the “proportion of surviving siblings need
be only trivially altered to yield an estimate of 1~ (1(x)).” But our analytical
work suggest that ;5. is very closely approximated to 1., where z = (x + 2.5) —
2r o?/{1 -+ exp (— 2ru}}. Approximate knowledge of r, ¢ and &® will help to
determine z closely. '

Conclusion

- ‘The. approximation to the mean age of the siblings of a random girl in a
stable population developed here may be improved by including the higher
order terms in the Taylor's expansion. When the; rate of natural increese is
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zero the analysis shows clearly that the mean age of the siblings is equa to the
age of the respondent.  However, the difficulty in applying the technique men-
tioned by Hill and Trussell is recaled before concluding this note.
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